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Abstract. Upper and lower bounds for the crossing number of the graph formed by deletion of 
a hamilton circuit from the complete graph on n vertices are obtained, with exact values for 
n 5 10 and for the rectilinear crossing number for n 5 9. 
1. Introduction 
A graph G( V, E) is a set V of vertices and a !;ubset E of the unordered 
pairs of (distinct) vertices, called edges. A tikatving is a mapping of a 
graph into a surface. The vertices go into &tinct points, nodes. An edge 
and its incident vertices map into a homeomorphic image of the closed 
interval [O, 1 ] with the relevant nodes as r,nd.points and the interior, an 
cart, containing no node. A good drawing Is one in which no two arcs 
incident with a common node have a common point; aind no two arcs 
have more than one point in common. A common point of two arcs is 
a crossing. An optimal drawing in a given surface is one which exhibits 
the least possible number of crossings. Optimal drawings are good. This 
least number is the crossing num!ber of the graph for the surface. Sub- 
drawings of good drawings are good, but sub(drawings of optimal draw- 
ings &xe not necessarily optimal. We denote thz crossing number of G 
for the plane (or sphere) by v(G). If the. arcs in the drawing are restrict- 
ed to be straight line segments, we have the colncept [ 31 of the rectilinear 
crossing number, V(G), of a graph G. It is c:lea~ that rectilinear drawings 
are good and V(G) >, w(G). 
* Re:search supported by Grant A-401 1 of the National Researclh Counlciil of Canada. 
** Research supported by a Research Fellowship from the Leverhulme FaJundation. 
336 R. K. Guy, A. Hill, ?Be crming number of the complement of u circuit 
We obtain inform&ion about the crossing number and rectilinear cross- 
ing number of the graph cnP obtained by deleting a simple closed circuit 
Cn of n edges (hamilton path) from &, the complete graph on n vertices, 
every pair c:f which is joined by an edge. The vatmce (number of incident 
edges) of & is n--l, and of Cn is n-3, 
2. Exact results 
From Figs. l-4, it can be seen that v(C~) = V (c,J = 0 for 3 2 n <, 6, 
The drawing is unique in each case; the two drawings in Fig. 4 are each 
isomorphic to a triangular prism. 
0 
Fig. 1. Fig. 2. Fig. 3. 
Fig. 4. 
Suppose that it is possible to draw CT witlt?.a,ut crossings. Such a draw- 
Ing would inlduce a map (in the cartographic sense) with 7 vertices, 14 
borders and, by Euler’s theorem, A ‘Cl regions. Since each region has at least 
3 borders, there are 8 triangular egions and one quadrangular. The part 
of the map c~ompkxnentary to the quadrangle (Fig. 5) contains 3 in- 
terior nodes A, B and 6, each of valence 4, a total valence of 12. There 
are 2 further bonds at each of D, E, F, G, a total of 8, so at least 2 arcs 
Fig. 5. 
join A, B anti t:‘, say A,B and BC. If CA is also an arc, then DF (OF EG) 
is joined, dividling the interior of the quadrilateral into 2 regions, in one 
of which, say DEF, the triangle ABC must lie. Then there are bonds at 
G which emnot be ust:d without making crossings. If CA is not joined, 
then A, C are each joined to 3 of D, E, F, G which must include an op- 
posite pair. To avoid crossings, this iis the same pair, say .I?, G, for A and! 
for C. This leaves bonds at D and F and 2 at B which cannot be effected 
without crossings. 
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c 
Fig. 9. 
Suppose c7 can be drawn with just one crossing. The drawing induces 
ama1~with7+1=8vertices,14+2=16bordersanll16+2-8=18 
regions. These last are 8 triangles and 2 quadrangles or 9 triaingles and 
one pentagon. Consider the regions incrdent with the crossing. If one is 
a pentagon (Fig. 6) or two are quadrilaterals (opposite in Fig. 7, adjacent 
in Fig.. 8), then the sole remaining 4-valent node is inadequate to effect 
the 8 bonds yet to be made in each of Figs. 6-8. So 2 pairs of these 8 
are joined by arcs. These divide the remainder of the plane into 3 parts 
in only one of which the last node lies. In each case the remaining bonds 
do not match. On the other hand, the ft regions incident with the crossing 
are not all triangles, since this would form K4 (Fig. 9) which is not a sub- 
graph of CT. So the crossing is the common vertex of 3 triangles and a 
0 
quadrilateral, as in Fig. 10, which has 6 free bonlds. The drawing is to be 
I completed with 2 nodes and 7 arcs to form 5 additional triangles and a 
quadrilateral. So the 2 additional nodes are joinexl by an arc, and the 
figure can be completed in essentially only one way {Fig. 11); v(c7 ) = _ 
Y<c,,= 1. 
t 
Fig. 11. Fig. 12. 
Suppose that a gooti drawing of & contains c: crossings. Define the 
resprjnsibikity of a node to be the tota? number of crossings on all the 
arcs incident with it. Since each crossing is in the responsibility of just 
4 nodes, the total req:onsibility of all nodes is 433.. Some node has re- 
sponsibility at least (Q/8), where braces denote least integer not less 
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Fig. 13. Fig. 14,, 
Fig. 15. Fig. 16. 
Fig. 17. Fig. 18. 
than Ikletion of such a node, with its 5 incident arcs, 1eave:s a drawing 
of c7 together with an extra arc, so .that c-{+c} = [f c] 2 1, where 
brackets denote greatest integer not greater than. So c >, 2. Alternativ- 
ely, the map iinduced by the drawing has 8 + c vertices, 20 + 2c borders 
and hence B 4 I- c regions. A region has at leat 3 borders, so c >, 2. If 
c = 2, all Jlh regions an? triangles and each of the 2 crossings i  surround- 
ed as in Fiig. c)9 forming 2 drawings of K4. & contains just 2 vertes-dis- 
joint copie:;’ of K4 and each of the 2 drawins. of K4 is adjacent o 4 of 
the remaimng 8 triangles. The drawing is unique (Fig. 12; a square anti- 
prism with diagonals on the square faces) and @a) = t(&) = 2. 
2. Exact rewlts 339 
We call 2 drawings isomorphic if there is a one-to-one corres’pondence 
betcveen the nodes so that if any pair of arcs crosses, the corlesponding 
pair also crosses. For n >* 8, optimal drawings of I;,8 are not unique even 
in tlhis weak sense. Figs. 13- 18 are non-isomorphic rectilinear drawings 
of lTg, arny of which show that zJ(cg) 5 T(cg) < 9. We will demonstrate 
equality. 
Suppose a good drawing of c!, contains c crossings. It induces a map 
with 9 + (t vertices, 27 + 2~ borders and hence 20 f c’ regions. As a re- 
gion has at least 3 borders, c 2 6. If c = 6, the: region?: are 26 triangles 
which form 6 copies of Fig. 9 and two triangles whose vertices are nodes. 
In “pasting together” these 6 quadrilaterals and 2 triangles, ths former 
contribute 2 and the latter 1 to the valence at each node, which totals 
6. So there is an even number of triangles at each node: but with only 
2 triangles this is impossible; their 3 nodes would have to coincide in 
pairs. 
If c = 7, the regions are one quadrangle and 26 triangles. Since 4 re- 
gions meet at each crossing, some region has at least 2 crossings for ver- 
tices. If a triangle has 2 crossings for vertices, the other region bounded 
by the join of these crossings is the q,dadrilateral, since only one arc 
joins a pair of nodes. So the quadriiaxeral has at least 2 crossings for 
vert:ices i.n a configuration of one of the types shown in Figs. II 9-21. 
Fig. 19. Fig. LO. Fig. 21. 
If Fig. 19 occurs (together with 5 copies of Fig. 9), tl 1 the valence of 
the node% NTan;lot be made even. If Fig. 20 occurs (with 5 copies of 
Fig. 9 and one triangle), then one nolde of the triangle coincides with N, 
in order to make the valence even, b .~t thzn the valence at each of the 
other 2 nodes of the triangle will be odd. If Fig. 21 occurs, with 4 copies 
of IFig. 9’ and 3 triangles, then an odcl number of triangles, and hence just 
one, occurs at each of the nodes N. lit oth,x nodes of these triangles, 
triangles must occur in pairs to keep the valence even, so they must be 
arranged1 as in Fig. 22; but *then there is no way of completing the figure. 
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If rc := 8, there are 28 regions; one pentagon and 27 triangles or 2 
quadrangles and 26 triangles. Our only proof of non-existence is by con- 
sideration of numerous cases. It uses methods imilar to those given 
above, but as it is prolix, it is relegated to an appendix. For c = 9, the 
number of cases is larger still, so that a complete census of non-iso- 
morphiic optimal drawings of cg probably involves a prohibitive amount 
of labll:kr. The 6 examples given in Figs. 13- 18 can all be realized with 
straight line segments 
Let c be the number of crossings in a good drawing of clo., 
The total responsibility is 4c, so som.e node has responsibility at least 
{4c/lO) . Meting this and its incident arcs leaves a drawing of c, with 
an addlitional edge, so [k/S] 2 9, c 2 1 S. Since we can draw Cl0 with 
only 15 crossing (Fig. 23), v(clo) = 15. It seems probable that 
E(c,,) > 15. 
3. Arm upper bound 
The construction used in Fig. 23 generalizes for n = 2k. Two regular 
k-gons are arranged concentrically and each pair of nodes of the inner 
one are j,oint:d by straight line segments. The nodes of the outer kmgon 
are joi ned similarly, outside, by inversion. Each node of each k-gon is 
joined to all but the 2 remotest nodes, of the other (if k is even, the 
polygc:bns arc:: oriented n/k from each other). The numbers of crossings 
are ($ I! inside, ($) outside and 
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in the annular region, a total of ~k(k-2)(k:-3)2 = e&n(n-4)(n-6)2. By 
symmetry, the responsibility of each node is pb (n-4){n-6)2. Deleting 
one to obtain the case with n odd, we have 
V(Cn ) < & (n-3)2 (n--5j2 
lj(cn ) <, & n(n-4)(n--6)2 
(YZ odd), 
(fi1 even). 
We conjecture quality in these formulae. As in the corresponding prob- 
lems for the complete graph and for the complete bipartite graph, if 
equality holds in the odd case, the nz:.ponsj.biIity argument shows equal- 
ity in thz next even case. 
This construction is similar to that used in [ 2 ] to give, the best known 
upper bound for, and conjectured value of, the crossing number of K,. 
A second constructi&, given by Bl: Zek and Koman f P ] , also has an ana- 
log which gives thesame upper bounds. Take the nodes at the vertices of 
a regular n-gon. Choose JC- and y-axes whose directions do not coincide 
with that of any diagonal of the ,y1-gotl. Draw all diagonals of the n-gon 
which have positive slope. Outside the yr-gon, draw the invelses of all 
the diagonals with negative slope. T& omitted circuit is composed of 
about half of the diagonals (the longer ones) of greatest and least slope. 
The exact details depend on the residue class to which n belongs modulo 
4. 
4. A lower bound 
We USC Kleitman’s result [ 41 for t:h~: crossing number of K,,, , the 
complet: bipartite graph on 5 + m vertices whose 5m edges are just 
those joining one of the 5 vertices to one of the m: 
V(KS,~ I= Wml [*Cm-VI . 
Choose any 5 nodes in a drawing of I?~; . There rk::main at least n- 15 ah of 
which are joined to the first 5, so cn c;,ntains at least (z) copies of 
&.&. Each of these contains at leas;; (n-1,5)(n-17) crossings, by 
Kleitman’s formula. Each cr0ssir.g occurs in at most 4(n;4) of the copies 
of K5,n-t59 so 
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v(cn)2 ;!)(n-lS)(n-17)/4( “s4\ > ~n(rz+2)(n-9)(n-20). , 
The argument assumes ti > 15. The bound holds for n > 9, but is trivial 
unless412 > 20. 
Appendix 
We show that there is no drawing of c, in the plane with only 8 cros- 
sings. Such a drawing would induce a map with 9+ 8 = 17 vertices, 
27 + (Z X 8) = 43 b or d ers dnd 43 + 2 - 17 = 28 ~;gions, which are 2 
quadrii-aterals nd 26 triangles, or 1 pentagon and 27 triangles. Since 
just 4 regions are incident with a crossing, there are (4 X 8) - 28 = 4 
more crossings on the borders of regions than there are regions. Two 
pairs of regions are separated by a border which ends ic two crossings, 
i.e., there is an arc with 3 crossings or 2 arcs with 2 crossings. So the 8 
crossings occur on exactly 14 arcs, so 13 arcs are crossing-free. By 
Euler’s theorem, these 13 separate the plane into 13 + 2 - 9 = 6 areas 
whose borders are crossmg-free, which we call cowztrkx 
A quadrilateral country contains both diagonals aml a crossing, as in 
Fig. 9, sjince if it contained only one diagonal it forms two zriangular 
countries, and if there were none, the rest of the drawing crsmprises 1 
quadrilateral nd 26 triangles. The quadrilateral can be respansl: ble for 
at most .3 crossings, as in Fig. 21, which contains 7 triangle,c:, and there 
Fig. 24. 
remain i 9 triangles which are insufficient to surround the remaining 5 
crossings. a similar argument shows that if a pentagonal country contains 
only one crossing (Fig. 24), then the other 5 countries are Fig. 2 1 and 
4 copies of Fig. 9. The nodes marked N in Figs. 2’1 and 24, and only those 
nodes, make an odd contribution to the valence, whereas the valence of 




Suppose a hexagonal country contains only 2 crossings. Then either 
it is as in Fig. 19, which we consider next, olr there remain 22 triangles 
which are inadequate to surround the other 16 crossings. If Fig. 19 occurs, 
the :est of the drawing comprises aquadrilat:eral nd 20 triangles. If the 
quadrilateral is responsible for only 2 crossings, as in Fig. 20 (or 19), 
there remain 15 (or 14) triangles which will not surround the other 4 
crossings. So. the other 5 countries arc Fig. 21, 3 copies of Fig. 9 and a 
triangle. The 2 “odd” nodes of Fig. 1 9, the 3 of Fig. 21 and the 3 of the 
triangle must coincide in pairs, so the triangle is continuous with the 
bottom edge of Fig. 21 ancl when we attempt o adjoin Fig. 19 (with its 
odd nodes coinciding with the third node of the triangle and the top 
node of Fig. 21) we find that this top node is either joined twice (once 
in Fig. 21 and once in the copy of Fig. 19) to a bottom node, or we ar- 
rive at Fig. 25 which cannot be completed. 
A heptagonal country will contain more than a pentagon or 2 quadril- 
aterals unless the number of arcs exceeds the number of crossings by at 
Fig. 26. Fig. 27. Fig. 28. 
least 2, ~1s in Rgs. 26 and 27. But if these occur, the rest of the drawing 
comprises 21 (or 19) triangles which do not suffice to surround the other 
6 (or 5) crossings. A fortiori, no country with more than 7 borders oc- 
curs. 
Suppose there are rj countr;: . with i borders. Then the number of 
countries is r3 + r4 + r5 3 . . . = : #.:~d the total of their borders is 
3r3 + 4q + 5r5 + . . . = 2 X 13, s4 f4 + 2r, + 3r,, + . . . = 8. There are at 
most 2 pentagonal countries since each contains a quadrilateral. If
r5 = 2, there is no country with i > 5, since it would contain a polygon 
with 4 or more sides. So r4 =: 4, r3 = 0 and each pentagonal country con- 
tains just 2 crossings, ince there zre 4 in the 4 quadriiateral countries 
and we are assuming at least 2 in coach pentagonal one. So the drawing 
comprises 2copies of Fig. 20 and 4 of Fig. 9. The two odd nodes, one 
in each copy of Fig. 20 must coincide, and so must both the incident 
crossing-free border arcs, in order to keep the valence at 6. But now the 
adjacent nodes are joined twice, once in each copy of Fig. 20. 
If r5 =: 1, there is one other quadrilateral, which can only occur as in 
Fdg. 19. This case has been disposed of, so it remains to consider 5 = 0, 
16 = l,rq. = 5,r3 = 0 with the hexagonal country containing exactly 3 
crossings and 4 arcs. All the nodes must be even, so it must be as in Fig. 
28 (tbe Fi ends of the 4 arcs must be partitioned into 6 odd parts). The 
top node:: isjoined to just one other, i.e., there is only one other (quadril- 
ateral) country incident with it. Then the adjacent nodes are joined twice, 
once in Fig. 28 ami once in the contiguous copy of Fig. 9. This con- 
cludes thle proof of impossibility of drawing c, with 8 crossings. 
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